A solution procedure using the hybrid finite element method is presented for two-dimensional steady-state linear seepage analysis of orthotropic dams. In the present algorithm, fundamental solutions for orthotropic seepage problems are employed to construct the element interior hydraulic head field and the conventional shape functions are used for the element frame hydraulic head field, then these two independent fields are connected by a hybrid functional. According to the physical definition of fundamental solutions, the elemental interior field can naturally satisfy the orthotropic seepage governing equation and as a result, all twodimensional element domain integrals in the present algorithm can reduce to one-dimensional element boundary integrals. Finally, the present hybrid finite element method with orthotropic fundamental solution kernels is verified by way of analytical solutions and subsequently, numerical experiment is carried out for a practical seepage problem of an orthotropic dam.
Introduction
Seepage exists widely in engineering problems associated with water. In particular, the drawdown seepage of a dam will directly influence the security of the dam, which depends on the condition of water level change. Therefore, the research on dam seepage problems is of particularly interest to geotechnical engineers in the design process of dams.
Due to complicated boundary conditions and geometrical domain in most seepage problems, analytical solutions are difficult to be obtained. Numerical methods including the finite element method (FEM) (Neuman 1973; Bathe and Khoshgoftaar 1979; Qin 2000; Dhanasekar et al. 2006; Luo et al. 2008) and the boundary element method (BEM) (Brebbia and Chang 1979; Chen et al. 1994; Tsay et al. 1997) are thus widely employed to analyze seepage problems in dams. For examples, Bath and Khoshgoftaar developed an effective finite element solution procedure for nonlinear free surface seepage problems without mesh iteration (Bathe and Khoshgoftaar 1979) . Based on the finite element method, Luo et al. developed a three dimensional computational model of transient seepage for deep foundation pit dewatering in the Yangtze River Delta (Luo et al. 2008 ). Brebbia and Chang proposed a boundary element formulation for seepage problem in anisotropic soils (Brebbia and Chang 1979) . Chen et al. constructed a boundary element formulation for seepage problems by introducing a dual integral equation with hypersingular integrals (Chen et al. 1994) . In addition to the FEM and BEM mentioned above, meshless/meshfree methods including the method of fundamental solutions (Young et al. 2006; Chaiyo et al. 2011) , the natural element method (Jie et al. 2013 ) and the hybrid boundary node method (Tan et al. 2010) were also developed for the numerical solution of seepage problems.
In this study, another numerical method different to the FEM and BEM mentioned above, called as the fundamental solution-based hybrid finite element method, was extended to two-dimensional seepage problems in orthotropic media. The hybrid finite element formulation with fundamental solutions was firstly proposed by Qin in 2009 (Wang and Qin 2009) and then was applied to analyze elastic problems , heat transfer problems Wang et al. 2013 ) and bioheat problems with general or special elements to achieve the purpose of high accuracy and mesh reduction. In the present work, fundamental solutions of the orthotropic seepage governing equation under consideration are employed to construct the element interior hydraulic head field and the conventional shape functions are used for the element frame hydraulic head field. These two independent fields are connected by a hybrid functional. Since the fundamental solutions are used as the interpolation function of the elemental hydraulic head of interior field, it can naturally satisfy the orthotropic seepage governing equation and thus, all element domain integrals in the hybrid functional can be converted into element boundary integrals, which have lower dimension than domain integrals. Most importantly, all integrals are nonsingular, which are easily evaluated using the standard numerical Gaussian integration. In comparison with conventional FEM and the BEM, the present method inherits their advantages, such as lower-dimensional boundary integrals and domain discretization, which is important for solving problems involving multimaterials. Further, the method constructs easily n-side polygonal elements, which are different from the traditional triangular and quadrilateral elements in the FEM.
Mathematical Model

Basic formulation of orthotropic seepage problems
Considering a bounded domain  in a two-dimensional space (2) is defined by
or in matrix form
where i n are the unit outward normal to the boundary  . Fig. 1 shows a classic problem of two-dimensional seepage flow of a dam, in which the material is defined to be orthotropic along the two coordinate axes, and the bottom surface of the dam is assumed to be impermeable. By means of variables transformation, the induced seepage hydraulic head field * H at the field point P can be given by (Brebbia et al, 1984) 
Making use of Eq (6), the derivatives of the hydraulic head fundamental solution are written as 
Hybrid Finite Element Formulation
In the present hybrid finite element formulation, two independent element fields are independently defined and are linked by a hybrid functional, from which the stiffness equation in terms of unknown nodal potential and the relationship of these two fields are established.
Hydraulic head within the element
In the interior of an element, say element e , the field of hydraulic head can be approximated by a linear combination of fundamental solutions of the governing equation (5), that is, ( 1, 2)
Hydraulic head along the element boundary
The frame flow field H is independently defined in terms of element nodal hydraulic head   (1 )
Hybrid functional
For a given element e, which occupying a sub-domain e  with boundary e  , the hybrid functional is defined as (Qin 2005; Qin and Wang 2008)   
Applying the Gauss theorem, we have 
Due to the physical definition of orthotropic fundamental solutions, the internal hydraulic head analytically satisfies the governing equation (1), thus the domain integral in Eq. (17) is equal to zero. As a result, one has
qe e e qH qH qH
in which only element boundary integrals are involved.
The substitution of the interior field (8) and the frame field (13) into the functional (18) yields 
Numerical Experiments
Verification of the proposed model
As the first example, an orthotropic medium with domian     
which is also used to apply the mixed boundary conditions on the boundary of the rectangular plate. Fig. 2 shows the geometry of the domain and the specified boundary conditions for this example.
Fig. 2. Rectangular domain and boundary conditions
In the computation, 36 hybrid elements with 4 quadratic edges are used to model the computing domain, as shown in Fig. 3 . Numerical solutions from the present method are compared with exact results and listed in Table 1 , from which we can see that the present method has a very high accuracy.
Besides, the convergence of the present algorithm is investigated and the results are plotted in Fig. 4 (24) where N is the number of sampling points. It's obvious that the error decreases with an increase in the number of elements.
Finally, the entire distribution of the hydraulic head in the rectangular domain is plotted in Fig. 5 for reference. . The hydraulic head is 15m at the upstream and 6m at the downstream. The other edges of the dam are assumed to be impermeable.
Fig. 3. Illustration of elements division
Fig. 6. Geometrical configuration of the dam
In the computation, 25 quadratic elements are employed to discretize the dam domain, as shown in Fig. 7 . Fig. 8 displays the contour map of the hydraulic head. It is found that there is a large hydraulic head gradient in the interaction region of the right slope and the water level, while in the region close to the top surface of the dam, the hydraulic head gradient becomes small. 
Conclusions
A novel hybrid finite element model using fundamental solution kernels is developed for solving orthotropic plane seepage problem in this study. In the algorithm, the use of orthotropic fundamental solutions makes all integrals to be calculated along the element boundary only, and also it is easy to generate arbitrary-shaped hybrid elements with multiple edges and nodes. The obtained numerical results are compared with analytical solutions to verify the correctness and convergence performance of the present algorithm. The seepage in a practical dam is conducted to represent the change of hydraulic head gradient in the dam. Numerical experiments show that the proposed method is effective for two-dimensional orthotropic steady-state linear seepage analysis. A further study on nonlinear seepage with free surface using the presented algorithm is under way.
